The null geodesics that describe photon orbits in the spacetime of a rotating electrically charged black hole (Kerr-Newman) are solved exactly including the contribution from the cosmological constant. We then solve the more involved problem of treating a Kerr-Newman black hole as a gravitational lens, i.e. a KN black hole along with a static source of light and a static observer both located far away but otherwise at arbitrary positions in space. For this model we derive the analytic solutions of the lens equations in terms of Appell and Lauricella hypergeometric functions and the Weierstraß modular form. The exact solutions derived for null, spherical polar and non-polar orbits, are applied for the calculation of frame dragging for the orbit of a photon around the galactic centre, assuming that the latter is a Kerr-Newman black hole. We also apply the exact solution for the deflection angle of an equatorial light ray in the gravitational field of a Kerr-Newman black hole for the calculation of bending of light from the gravitational field of the galactic centre for various values of the Kerr parameter, electric charge and impact factor.
Introduction
One of the most fundamental exact non-vacuum solutions of the gravitational field equations of general relativity is the Kerr-Newman black hole. The KerrNewman (KN) exact solution describes the curved spacetime geometry surrounding a charged, rotating black hole and it solves the following coupled differential equations for the gravitational and electromagnetic fields [1] :
F µν;α + F να;µ + F αµ;ν = 0
The energy momentum tensor of the electromagnetic field appearing in the gravitational equation (1) has the form:
Also in equation (1), G denotes the gravitational constant of Newton and c the speed of light. The KN exact solution generalized the Kerr solution [2] , which describes the curved spacetime geometry around a rotating black hole, to include a net electric charge carried by the black hole. The semicolon in equations (2), (3) denotes the covariant derivative. A more realistic description should include the cosmological constant [4] , [5] , [6] , [7] . Taking into account the contribution from the cosmological constant Λ, the generalization of the Kerr-Newman solution is described by the Kerr-Newman de Sitter (KNdS) metric element which in Boyer-Lindquist (BL) coordinates is given by [8] , [9] , [10] :
where a, M, e, denote the Kerr parameter, mass and electric charge of the black hole, respectively. This is accompanied by a non-zero electromagnetic field F = dA,where the vector potential is [10] :
A = − er r 2 + a 2 cos 2 θ (dt − a sin 2 θdφ).
As a consequence the 2-form of the electromagnetic field is computed to be: (r 2 + a 2 cos 2 θ) 2 dr ∧ dφ + 2era cos θ sin θ(r 2 + a 2 ) (r 2 + a 2 cos 2 θ) 2 dθ ∧ dφ.
For the surrounding spacetime to represent a black hole, i.e. the singularity surrounded by the horizon, the electric charge and angular momentum J must be restricted by the relation: 
where in the last inequality a denotes a dimensionless Kerr parameter. The KN(a)dS dynamical system of geodesics is a completely integrable system 1 as was shown in [11] , [8] , [12] , [13] and the geodesic differential equations take the form:
where
1 By solving the Hamilton-Jacobi equation by the method of separation of variables Null geodesics are derived by setting µ = 0. Despite the theoretical significance of Kerr-Newman and Kerr-Newman-(anti) de Sitter black holes, and their possible application to relativistic astrophysics, there is a scarcity of exact analytic results in the integration of the test particle and photon geodesic equations particularly in the latter case .
Most of the studies of photon trajectories in the KN and KN(a)dS spacetimes have focused in the investigation of the allowed parameter space and/or the analysis of selected orbits, see for instance [17] and [8] , [18] without actually integrating the null geodesic equations. For the case of charged particle orbits in the KN spacetime, we refer the reader to the works of [3] and [21] (see also [19] ).
It is therefore the purpose of this paper, to calculate for the first time, the exact solutions of the null geodesics in KN and KN(a)dS spacetimes and produce closed form solutions for relativistic observables such as: the deflection angle and frame dragging effect that light rays experience in the curved spacetime geometry of KN and KN(a)dS spacetimes.
In addition, our contribution extends our previous analytic results for the geodesy of Kerr and Kerr-(anti) de Sitter black holes [6] , [22] , which constitute a special case of the more general KN and KN(a)dS black holes and thus a comparison of the relativistic observables can be made.
Thus the theory we develop in this paper should be of interest for the galactic centre studies given the strong experimental evidence we have from the observation of stellar orbits (in particular from the orbits of S−stars in the central arcsecond of the Milky Way) and flares that the Sagittarius A* region harbours a supermassive rotating black hole with mass of 4 million solar masses [14] , [15] .
Although it is not the purpose of this paper to discuss how a net electric charge is accumulated inside the horizon of the black hole, we briefly mention recent attempts which address the issue of the formation of charged black holes. Indeed, we note at this point, that the authors in [25] , have studied the effect of electric charge in compact stars assuming that the charge distribution is proportional to the mass density. They found solutions with a large positive net electric charge. From the local effect of the forces experienced on a single charged particle, they concluded that each individual charged particle is quickly ejected from the star. This is in turn produces a huge force imbalance, in which the gravitational force overwhelms the repulsive Coulomb and fluid pressure forces. In such a scenario the star collapses to form a charged black hole before all the charge leaves the system [25] . A mechanism for generating charge asymmetry that may be linked to the formation of a charged black hole has been suggested in [26] .
For some phenomenological investigations of the electric charges of some astronomical bodies in Reissner-Nordström spacetimes 2 and of toroidal configurations in Reissner-Nordström-(anti)-de Sitter black hole and naked singularity spacetimes see [27] , [28] , [29] .
The material of this paper is organized as follows: In section 2, we derive the 2 Curved spacetime geometries surrounding non-spinning charged bodies or black holes.
exact solution of polar spherical null geodesics in Kerr-Newman spacetime. The solution is expressed in terms of the Weierstraß elliptic function. The amount of frame dragging for such a photon orbit is four times the real period of the Weierstraß function which is expressed in terms of Gauß's hypergeometric function, see eqn.(41). We subsequently apply our exact solutions for computing the amount of frame dragging that a polar null spherical geodesic experiences in the gravitational field of the SgrA* galactic black hole assuming that the latter is a Kerr-Newman black hole, for various sets of values for the spin and electric charge of the singularity. In section 2.1, we derive the exact solution for the Lense-Thirring effect for a spherical polar null orbit in KN-spacetime in the presence of the cosmological constant Λ. Our solution is expressed in terms of Appell's hypergeometric function of two-variables F 1 , see eqn (44). In section 3, we compute in closed analytic form the amount of Lense-Thirring precession that a spherical non-polar orbit (i.e. with impact parameter Φ = 0) undergoes in Kerr-Newman spacetime, in terms of Appell's hypergeometric function [16] and Gauß's ordinary hypergeometric function, see our eqn. (51). We also apply our exact formula (51) for the calculation of frame dragging for spherical non-polar orbits in the gravitational field of a charged rotating (KN) black hole for various sets of values of the physical parameters. Subsequently, in section 4 we derive the generalization of formula (51) in the case where the cosmological constant is present. The closed form analytic solution that computes the Lense-Thirring effect for a non-polar spherical photon orbit in KN(a)dS spacetime is expressed elegantly in terms of Lauricella's hypergeometric function F D , Appell's F 1 and Gauß's ordinary hypergeometric function F, see Eqn.(59). We also compute analytically the period in the polar θ−coordinate in terms of generalized hypergeometric functions, eqn.(75). In section 5, we solve for the first time in closed analytic form the important problem of the gravitational bending of light of an equatorial null unbound geodesic in the spacetime of a charged rotating KN black hole. Our exact solution for the deflection angle, involves Lauricella's hypergeometric function of three variables, Eqns.(93), (95).Using a uniformization of the correspondence between the coefficients of the quartic radial polynomial that is involved in the calculation and its roots we provide a closed form compact analytic solution for the four roots in terms of Weierstraß elliptic function ℘ and its derivative ℘ ′ . Subsequently, we apply thoroughly, our analytic solution for the deflection angle (95) for the calculation of the gravitational bending of light of an equatorial ray in the spacetime geometry of a KN black hole. The deflection angle of an equatorial light ray in KNdS spacetime is calculated in section 6. We then solve the more involved problem of treating a Kerr-Newman black hole as a gravitational lens, i.e. a KN black hole along with a static source of light and a static observer both located far away but otherwise at arbitrary positions in space. Again, for this model we give the analytic solutions of the lens equations in terms of Appell and Lauricella hypergeometric functions and the Weierstraß modular form, see eqns.(145), (146), (147). We use section 9 for our conclusions.
Spherical polar null geodesics in Kerr-Newman spacetime
Depending on whether or not the coordinate radius r is constant along a given geodesic, the corresponding particle orbit is characterized as spherical or nonspherical respectively. In this section, we will concentrate on spherical polar photon orbits with a vanishing cosmological constant, i.e. we solve exactly for the first time null spherical polar geodesics in Kerr-Newman spacetime. The exact solution of the spherical timelike and null geodesics in Kerr and Kerr -(anti) de Sitter spacetime-i.e.when the electric charge of the rotating black hole vanishes-have been derived in references. Assuming a zero cosmological constant, r = r f , where r f is a constant value setting µ = 0 and using equations (15) − (18) we obtain
where Θ now is given by
and
It is convenient to introduce the parameters:
Now by defining the variable z := cos 2 θ,the previous equation can be written as follows,
It has been shown that a necessary condition for an orbit to be polar (meaning to intersect the symmetry axis of the Kerr field) is the vanishing of the parameter L, i.e. L = 0. Assuming Φ = 0, in equation (25), we can transform it into the Weierstraß form of an elliptic curve by the following substitution
Thus we obtain the integral equation
and this orbit integral can be inverted by the Weierstraß modular Jacobi form
) and the Weierstraß invariants take the form
In terms of the original variables, the exact solution for the polar orbit of the photon (Φ = 0) takes the form
given by the expression
The Weierstraß invariants are then given by
The analytic expressions for the three roots of the cubic, which can be obtained by applying the algorithm of Tartaglia and Cardano, are given in terms of the Kerr parameter, Carter's constant, electric charge and the spherical radius by the expressions:
and they are organized in the ascending order of magnitude:e 1 > e 2 > e 3 . Since we are assuming spherical orbits, there are two conditions from the vanishing of the polynomial R(r) and its first derivative. Implementing these two conditions, expressions for the parameter Φ and Carter's constant Q are obtained:
However, only the second solution is physical. These are also the conditions for the photon to escape to infinity. Equations (39), for vanishing electric charge, reduce correctly to the ones obtained in the case of the Kerr black hole [22] .
The two half-periods ω and ω ′ of the Weierstraß function are given by the following Abelian integrals (for discriminant ∆ c > 0):
A closed form expression for the real half-period ω of the Jacobi modular form of Weierstraß ℘ is: ω =
is the hypergeometric function of Gauß. Thus substituting the formulae for the roots in terms of the parameters and initial conditions, we obtain the analytic exact result for the half-period ω :
After a complete oscillation in latitude, the angle of longitude, which determines the amount of dragging for the spherical photon polar orbit in the general theory of relativity (GTR) for the KN black hole, increases by:
Assuming that the centre of the Milky Way is a rotating black hole with a net electric charge, i.e. the structure of the spacetime near the region SgrA*, is described by the Kerr-Newman geometry we determined the precise frame dragging (Lense-Thirring effect) of a null orbit with a spherical polar geometry.
For the values of the spin of the galactic centre black hole we used the values indicated by orservations.
Null spherical polar geodesics in Kerr-Newman black hole with the cosmological constant and Lense-Thirring effect
We now derive the closed form solution for the amount of frame dragging for a photonic spherical polar orbit in Kerr-Newman spacetime in the presence of the cosmological constant Λ, thus generalizing the results of the previous section. Table 1 : Predictions for frame dragging from the galactic black hole for a photonic spherical polar Kerr-Newman orbit, for the set of values for the Kerr parameter and electric charge:{(a Gal , e Gal ) = (0.52
The relevant differential equation is:
For Φ = 0, and using the change of variables, z = cos
, after a complete oscillation in latitude, the angle of longitude ∆φ GT R pKN Λ , which determines the amount of dragging for the spherical polar orbit, is given by
For Λ = 0, ∆φ
For zero electric charge, equation (45), correctly reduces to the analytic solution for frame dragging that a polar null spherical orbit experiences in Kerr spacetime [22] .
Spherical non-polar null geodesics in KerrNewman spacetime
In this section and assuming vanishing cosmological constant, we shall derive for the first time the solution in closed analytic form for the amount of frame dragging that a spherical non-polar photonic orbit experiences in the gravitational field of the KN-black hole, thereby generalizing the results of [22] . For this purpose we integrate the differential equation for the azimuth (43) (for Λ = 0) for θ from π/2 to a turning point of the polar polynomial.The roots z m , z 3 (of Θ(θ) = 0) are expressed in terms of the integrals of motion and the cosmological constant by the expressions :
For Λ = 0, the turning points take the form:
where the subscript "m" stands for "min/max". Consequently,the change ∆φ as θ goes through a quarter of a complete oscillation is:
The total change in azimuth is: 
Integrating for θ from π/2 to a turning point we obtain
Assuming that the galactic centre region SgrA* harbours a supermassive KerrNewman black hole we computed the frame-dragging that a null non-polar spherical orbit experiences in a such a curved spacetime geometry. Our results are displayed in tables 2,3.
use the variable z. Indeed, we compute the relevant integrals in closed form in terms of the multivariable Lauricella's fourth hypergeometric function F D and the Gauß ′ s hypergeometric function:
(54) Exact integration of the other term in equation (43) yields the result:
where the parameters beta of the Lauricella hypergeometric function are given by the vectors:
and the variables by the tuples of numbers:
Also η := −a 2 Λ 3 . Thus we get for the amount of frame dragging:
For Φ = 0, equation (59), reduces correctly to the result of the previous section for spherical polar null geodesics in the presence of Λ.
In going from eqn. (59) to eqn. (60), we used the property of Lauricella's fourth hypergeometric function F D :
In addition, in order to establish the equality of eqn.(60) and eqn. (44) we need the result of the following proposition:
The following result is valid:
Proof. Applying the transformation:
onto the integral:
we derive:
Furthermore, eqn.(60) reduces correctly for Λ = 0 :
For the time integration we shall need the differential equation:
Again integrating exactly for the polar angle θ, from θ = π/2 to a turning point and using the variable z, yields the following results:
where we have defined the tuples for the beta parameters of Lauricella's function as:
and the variable tuple:
Likewise exact integration of the term
Thus we obtain for the period in the θ coordinate the exact result:
5 Light deflection of an equatorial unbound KerrNewman orbit
In this section we are going to calculate for the first time the exact analytic solution for the bending of light for an equatorial unbound null geodesic in the gravitational field of an electrically charged rotating black hole. For equatorial geodesics the parameter Q vanishes and the relevant differential equation for the exact computation is the following:
where the quartic radial polynomial has the form:
We shall use the partial fractions technique:
(78) The radii of the event (r + ) and Cauchy (r − ) horizons are given by:
In order to calculate the deflection angle from the previous radial integrals we need to integrate the above equation from the distance of closest approach (e.g., from the maximum positive root of the quartic) to infinity. Thus ∆φ
. We manipulate a bit further the terms in equation (76). In particular:
We organize all roots in ascending order of magnitude as follows 3 ,
where α µ = α µ+1 , α ν = α µ+2 , α ρ = α µ and α i = α µ−i , i = 1, 2, 3 and we have that α µ−1 ≥ α µ−2 > α µ−3 . By applying the transformation
or equivalently
we can bring our radial integrals into the familiar integral representation of Lauricella's F D and Appell's hypergeometric function F 1 of three and two variables respectively.We denote the roots of the quartic (77) by α, β, γ, δ : α > β > γ > δ. 3 We have the correspondence α µ+1 = α, α µ+2 = β, α µ−1 = r + = α µ−2 , α µ−3 = γ, αµ = δ.
An equivalent expression is the following:
In going from (87) to (93) we used the identity proven in [22] (eqn. (52)). The tuples of numbers for the beta parameters of the generalized hypergeometric functions in Equation (93) are defined in Equation (53) of [6] . Also we defined:
The angle of deflection δ of light rays from the gravitational field of a galactic electrically charged rotating black hole or a massive charged rotating star is defined to be the deviation of ∆φ GT R eKN from the transcendental number π δ eKN := ∆φ
The four roots of the quartic (77), in terms of which the variables of the generalized hypergeometric functions of Appell and Lauricella's are written in Equation (93), can be expressed in a very elegant compact closed analytic form in terms of the Weierstraß function ℘(x, g 2 , g 3 ) and its derivative. Here, we present the formulae and their derivation is relegated to the appendix A.
where the point x 1 is defined by the equations:
and ω, ω ′ denotes the half-periods of the elliptic function ℘. Furthermore, the Weierstraß invariants are given in terms of the physical parameters by the expressions:
We computed using our exact analytic formula for the deflection angle, eqn.(95), the gravitational bending of light of an unbound equatorial ray in the gravitational field of a galactic KN-black hole, for different choices of the spin and electric charge of the black hole and the impact factor Φ. We display our results in Tables 4, 5, 6 and Figures 1, 2, 3, 4, 5, 6, 7 . The values for the Kerr parameter in Tables 4, 5 , as we mentioned in the introduction, are in accordance with the central values reported for the spin of the Galactic centre black hole SgrA* from observation of near infrared periodic flares [23] and X-ray flares [24] .
In Figures 3,4 we display 3-d plots of the deflection angle δ eKN as a function of the impact factor and the electric charge, for two fixed values of the Kerr parameter. From these plots we observe that the smaller the Kerr parameter the larger the deflection, for fixed values of the parameters Φ, e. We also observe, the strong dependence of the deflection angle on the electric charge, for smaller values of the spin of the black hole, particularly for small values of the impact factor parameter Φ.
In figures 6,7 we plot the deflection angle δ eKN versus the maximal root α-see equation (96)-of the quartic for fixed Kerr (spin) parameter for two different values of the electric charge. In figure 6 , we fix the Kerr parameter to the value a = 0.52 and the two different choices for electric charge: e = 0.11, e = 0.85. We observe from the analysis that for a fixed small distance α there is a strong dependence of the deflection angle on the electric charge the black hole carries: the larger the electric charge e, the smaller δ eKN .
In figure 6 , the values of the electric charge, for the SgrA* galactic black hole correspond to: 
5.A Exact solution for the periastron advance in KerrNewman spacetime
In this appendix of the section we derive the closed form solution for the periastron advance for a timelike equatorial non-circular orbit and apply it to the computation of this relativistic effect for the observed orbits of S−stars in the central arecsecond of our Galaxy assuming that the galactic centre region Sagittarius A* harbours a supermassive rotating black hole in which a net electric charge has been trapped inside the event horizon r + , to form a charged KN black hole.
The relevant differential equation is given by:
where the quartic polynomial is given by
Using again the partial fractions technique we integrate from the periastron distance r P to the apoastron distance r A :
Applying the transformation:
and organizing the roots of the radial polynomial and the radii of the event and Cauchy horizon in the ascending order of magnitude
with the correspondense
, α µ−3 = δ we compute the exact analytic result in terms of Appell's hypergeometric function F 1 and Gauß's ordinary hypergeometric function:
The variables of the hypergeometric functions are given in terms of the roots of the quartic and the radii of the horizons by the expressions:
The periapsis advance for an equatorial non-circular timelike geodesic in KerrNewman spacetime is defined as follows:
We applied our closed form formula (110), (112) for calculating the relativistic periapsis advance for the observed orbits of S-stars in the central arcsecond of the Milky Way. By doing this exercise, we gain an appreciation of the effect of the electric charge of the rotating galactic black hole (we assume that the KN solution describes the curved spacetime geometry around SgrA*) on this observable. We also assume that the angular momentum axis of the orbit is co-aligned with the spin axis of the black hole and that the S−stars can be treated as neutral test particles. Indeed, we present the results of our computations in Tables  7,8 , that correspond to the orbits of the stars S2 and S14 respectively 4 . For fixed values of the parameters L, E, a we calculated the periapsis advance for different values of the electric charge. We observe the significant contribution of the electric charge on the phenomenon of periapsis advance in the theory of general relativity. Varying the electric charge in the range (0.1 − 0.85) star S14 where the effect due to the parameter e is computed to be of the order of 87 arcsec /rev as e varies in the range (0.1 − 0.85)
A more precise analysis would involve the calculation of relativistic advance for general timelike orbits, polar or inclined non-equatorial in the KN(a)dS spacetime, which is beyond the scope of the current publication. However, since the effect due to the parameter e is significant and since we are entering an era of precision in observational astronomy this effect should be taken into account in the interpretations of future measurements for the observable of periapsis advance [32] .
6 Exact solution for the deflection angle of unbound equatorial orbits in Kerr-Newman-de Sitter spacetime
Assume that Λ > 0. Then the relevant differential equation for the exact computation of the deflection angle of an equatorial ray in the field of an electrically charged rotating black hole with a positive cosmological constant is given by
Using the partial fractions technique for the second term we write:
where r ± Λ , r ± , are the four real roots of ∆ KN r
. Thus one of the integrals we need to calculate is:
(115) Indeed, we compute in closed analytic form:
The tuple of variables for the Lauricella's fourth hypergeometric function F D is defined in terms of the horizons and the radial roots of the Kerr-Newman-de Sitter black hole as follows:
, (117) while we also define: (118) and H
In addition, from the first term we compute exactly in terms of Appell's hypergeometric function:
In total we get ∆φ Figure 8 : The Kerr-Newman black hole gravitational lens geometry. The reference frame is chosen so that, as seen from infinity, the black hole is rotating around the z-axis.
dr | r=rO ) on the observer's image plane (see figure 8 ) to the integrals of motion:
By plugging equations (39) into equations (126), we derive the coordinates on the observer's image plane at which the escaped photon will be detected for the case of a Kerr-Newman gravitational lens:
For zero electric charge, i.e for e = 0, equations (127) reduce correctly to the coordinates on the observer's image plane of an escaped photon from an uncharged rotating (Kerr) black hole, eqns. (28) in [6] . Let us look at some examples of how the shadow of the electromagnetic rotating black hole is perceived by an observer at different polar positions θ O for different sets of values for the spin and electric charge of the KN singularity 5 Our results are displayed in Figures  9,10,11 ,12,13, 14,15. From our results we observe that the larger the electric charge (for fixed black hole spin and polar position of the observer) the smaller the boundary of the shadow of the KN black hole, see Figures 10-12 for an observer located at Table 9 . Figure 9 with the corresponding uncharged rotating black hole, Figure 4 , page 25 of [6] , we also observe that the charged fast-spinning black hole has a slightly smaller boundary for its shadow.
8 Exact calculation of radial integrals for generic orbits in Kerr-Newman spacetime
We now perform the radial integration for generic orbits, i.e. orbits for which both Φ, Q differ from zero, assuming Λ = 0. The relevant differential equation for the second KN lens equation that determines the azimuth angle is:
Thus for the radial contribution we need to integrate the first two terms.
For an observer and a source located far away from the black hole, the relevant radial integrals can take the form:
Thus we must compute the radial integral:
Using partial fractions we compute the previous integral in closed analytic form in terms of Lauricella's and Appell's generalized hypergeometric functions: ∆φ the equations:
We have written the lens equations (14) and (128) in the form:
∆φ(x S , y S , n) − R Combining the exact results for the radial integrals we have computed in this work with the angular integral computations of [6] for the Kerr black hole, which remain valid, as we said in the KN case we have that our exact solutions of the lens equations for a KN black hole are:
for the periapsis advance of a neutral test particle in an equatorial non-circular orbit in KN spacetime and its application to the observed orbits of S-stars, indicates that future measurements of the galactic centre black hole and its relativistic observables may constrain significantly or detect the electric charge of the galactic rotating black hole .
Future directions of research will include the application of the closed form analytic solution of the lens equations in the Kerr-Newman family of spacetimes to the important case of the SgrA* supermassive black hole.
Another interesting avenue of research will be the application of our exact solutions in the exciting field of e − − e + pair creation by vacuum polarization around electromagnetic black holes and the theory of pulsars. Indeed, the KerrNewman electromagnetic field is such that * F µν F µν = 0 or in pulsar language E · B =0 [35] . It seems that the KN black hole is charged just like the neutron star in pulsar models [36] . Thus this angle of research will have potentially very important applications for the gamma ray bursts from electromagnetic black holes [20] and pulsars as well as in the study of the vacuum structure of nonlinear electrodynamics [37] . The study of the Faraday effect in the KN-(a)dS electromagnetic black hole will serve nicely towards such investigations. We aim to pursue this exciting interplay of relativistic astrophysics and non-linear electrodynamics in the future [38] . A The roots of the quartic in terms of Weierstraß functions
We are going to use the addition theorem for the Weierstraß elliptic function to express the roots of the quartic P 4 (x) = x 4 + ax 2 + bx + c ∈ C[x] in terms of the Weierstraß functions following [34] . We first write x for a point of the cover C and p = (x, y) for the corresponding point of the cubic determined by x = ℘(x) and y = ℘ ′ (x). Then we study the intersections of the cubic y 2 = 4x 3 − g 2 x − g 3 and the line y = ax + b : x 1 , x 2 , x 3 are the roots of 
and (x 2 − x 1 ) + (x 3 − x 1 ) = x 1 + x 2 + x 3 − 3x 1 = a 2 4 − 3x 1 .
We note that a is the slope of the line, so for distinct x 1 , x 2 , x 3 we have a = y 2 − y 1 x 2 − x 1 = y 3 − y 2 x 3 − x 2 = y 1 − y 3 
Thus X = a 2 = 1 2
For fixed x 1 , and variable x 2 , P 4 (X) = 0 only if Y = 0. This occurs for x 2 = − x1 2 to which may be added one of the three half-periods producing four roots of P 4 (x) = 0 and these must be distinct.
